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Abstract
This article introduces a new and general construction of discrete
Hodge operator in the context of Discrete Exterior Calculus (DEC). This
discrete Hodge operator enables to circumvent the well-centeredness lim-
itation on the mesh with the popular diagonal Hodge. It allows a dual
mesh based on any interior point, such as the incenter or the barycenter.
It opens the way towards mesh-optimized discrete Hodge operators. In
the particular case of a well-centered triangulation, it reduces to the di-
agonal Hodge if the dual mesh is circumcentric. Based on an analytical
development, this discrete Hodge does not make use of Whitney forms,
and is exact on piecewise constant forms, whichever interior point is cho-
sen for the construction of the dual mesh. Numerical tests oriented to the
resolution of fluid mechanics problems and thermal transfer are carried
out. Convergence on various types of mesh is investigated.
1 Introduction
The interest for (geometric) structure-preserving numerical integrators has grown
in computing community [1–7]. This is due to the ability of these schemes
in reproducing foundamental physical properties (conservation laws, . . . ) of
the equations and their robustness in long-time integration. Discrete Exterior
Calculus (DEC) belongs to this family of integrators. It aims at developing
a discrete version of the theory of exterior calculus, and more generally the
differential geometry theory, where most equations of physics are formulated.
∗Corresponding author
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Initially developed by Bossavit for electromagnetism in a series of papers [8–16],
DEC was used in fluid mechanics for the resolution of Darcy’s equation and the
simulation of the dynamics of ideal and viscous fluid flows in basic configura-
tions [17–19].
The primary calculus tools of the DEC are discrete differential forms or
cochains. An important advantage of DEC is that the Stokes’ theorem is nat-
urally verified at discrete level. This is due to the construction of the discrete
exterior derivative operator d by duality with the boundary operator. A second
advantage is that the DEC framework offers a naturally coherent discretization
of derivative operators (divergence, gradient, curl in 2D and 3D) such that the
usual relations
curl grad = 0, and div curl = 0
are verified at machine precision. This is due to the fact that these derivative
operators are all represented by the exterior derivative d in exterior calculus
framework and that in DEC, the discrete d obeys the relation
d2 = 0, (1)
just like the continuous d. These properties of DEC permitted for example
Elcott et al. [17] to design a circulation-preserving numerical scheme for the
simulation of ideal fluid flows. These properties also avoid the apparition of
spurious quantities such as an artificial mass, potential or portance in the nu-
merical solution.
When used as discretization method, DEC can be seen as a finite volume
method in exterior calculus. Indeed, in this approach, cochains are differential
forms integrated over the different elements of the mesh (vertices, edges, tri-
angles, . . . ). Disrete exterior calculus has a finite element version, developed
mainly by Arnold and his co-workers in [5, 20,21].
A key operator in exterior calculus, needed to express constitutive laws for
example, is the Hodge star operator. In a finite element approach, the discrete
Hodge operator is built straightforwardly, by applying the continuous Hodge to
the polynomial differential forms which constitute the basis. After a suitable
inner product, this results in the mass matrix. In DEC, to which the present
article is limited, defining a discrete Hodge is less natural because one has to deal
with already intregrated forms. In particular, in order to ensure the bijectivity
of the discrete Hodge, a dual mesh is necessary in DEC, whereas such a notion
is not required in the finite element approach. The circumcentric dual is a
popular choice of dual mesh, due to the orthogonal nature of simplicial cells and
their circumcentric duals. This orthogonality permits a simple construction of a
discrete Hodge, having a diagonal matrix representation [13, 22]. The diagonal
entries of this discrete Hodge, sometimes called circumcentric or diagonal Hodge,
are simply the ratios of the volumes of dual cells and primal simplices.
The diagonal Hodge was initialy designed for completely well-centered sim-
plicial meshes, that are meshes where each simplex contains its circumcenter.
In practice, it is difficult to generate this type of triangulation [23]. It can be
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done for some specific simple geometries in R2 [24–26]. For more complex ge-
ometries, VanderZee et al. propose a reprocessing algorithm making a 2D mesh
well-centered but it is not very practical and may not work in 3D [27]. Hirani
and his co-workers extended the use of the diagonal Hodge to Delaunay and
to pairwise non-Delaunay meshes, by introducing signed elementary dual vol-
umes [28, 29]. However, this approach may still lead to zero-volume dual edges
and cells when positive contributions equalize negative ones. A reprocessing is
then necessary. Mullen et al. [30] proposed an optimization of the triangulation
to the diagonal Hodge. To this aim, they introduce weighted duals and weighted
circumcenter, and construct the mesh by minimising the error of the diagonal
Hodge. This technique generates a well-shaped mesh, but not well centered.
Moreover, it may become expensive, especially for problems with time-varying
domains such as fluid-structure interaction. Note also that all these discrete
Hodge operators require that the dual mesh is based on the circumcenter.
Another existing discrete Hodge operator, studied by Bossavit from the be-
ginning of DEC, is the Galerkin Hodge [16,31]. It corresponds to a mass matrix,
with the Whitney forms as shape functions [32,33]. It is built within a finite ele-
ment framework. A drawback of using the Galerkin Hodge in (the finite-volume
flavoured) DEC is that, not only it introduces an inconsistency but also it is not
exact even for constant forms. This can be shown straighforwardly in a right but
not isocele triangle. A more DEC- than finite element-flavoured discrete Hodge,
but still based on Whitney forms, is proposed in [34]. It is defined through an
interpolation with Whitney forms and an integration on dual simplices and is
generally called Whitney Hodge. Another discrete Hodge operator which also
uses Whitney forms is proposed in [35]. Called geometric Hodge, it does not
need an interpolation nor integration concept. For symmetry reasons, it requires
a dual mesh based on the barycenters. In fact, as noticed in [36] in 2D, the ge-
ometric Hodge is a symmetric approximation of the Galerkin Hodge where the
integration is approximated by a one point quadrature with evaluation only at
the barycenter. Like the usual Galerkin and the Whitney Hodge, the geometric
Hodge is represented by a sparse but not diagonal matrix. However, numerical
comparisons in [36] shows that the additional computational time induced by
the lake of diagonal structure is not very high.
In the present article, we propose a new construction of a discrete Hodge
operator which comply the following requirements. First, it does not need a
reprocessing of the primal mesh. This condition is important since, in some
situations, modifying the mesh may be harmfull. It may for instance affect
the shape of surfaces. Moreover, as mentioned, the induced cost increase may
become important in time-varying domains. Second, the construction must be
general enough such that the centers on which the dual mesh is based can be
changed at convenience, as long as the dual mesh has no degenerate element.
For example, the construction of the discrete Hodge must be valid for both
a barycentric and an incentric duals. Neither the diagonal nor the geometric
Hodge is appropriate for this task since with these operators, the dual mesh
is imposed. Lastly, the Hodge must be exact on piecewise constant differential
forms, whichever choice is made on the dual mesh.
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By proposing such a construction, we intend to develop a discrete Hodge
which adapts to the mesh in order to minimize some quantity (the global error,
. . . ) or to comply to other physical requirements, by choosing algorithmically
the most suitable center. These center may even vary from a simplex to another.
This optimization process, which will be tackled in a future work, would contrast
with that in [30] where it is the mesh which adapts to the (diagonal) Hodge
operator.
In section 2, a brief reminder on DEC, on the continuous Hodge operator
and on the diagonal Hodge is done. A deeper introduction to DEC can be
found in the papers of Bossavit [8–16] and in [22, 37, 38] for instance. The
development of the new discrete Hodge, followed by illustrative examples, a basic
preliminary error analysis and a discussion, is presented in section 3. We end up
with numerical experiments, carried out on Poisson equations and on isothermal
and non-isothermal fluid dynamics problems, in section 4. Various types of
mesh (well-centered mesh, right triangulation and non-Delaunay meshes) will
be considered. Convergence analyses will be carried out. Although our goal is
not to compare the new discrete Hodge to existing ones, results given by the
diagonal Hodge are presented as reference, when available.
2 Review on DEC
DEC is a theory of exterior calculus on a discretized domain, which preserves
Stokes’ theorem and the exactness of relation (1). In what follows, we make
a reminder on oriented simplicial discretization of a domain. Next, since the
primary tools of exterior calculus are differential forms, we briefly present how
to discretize them into cochains. Lastly, the Hodge star operator and its dis-
cretization into the diagonal Hodge is reminded.
2.1 Discretization of the domain
Consider a system of partial differential equations defined on an n-dimensional
spatial domain M ⊂ Rm for some m ∈ N. The domain M is subdivised into n-
dimensional simplices. Recall that a k-simplex is the convex hull of k+1 points.
For instance, if dimM = 3 then M is subdivised into tetrahedra. We denote
K the set composed of these n-dimensional simplices, together with their faces,
the faces of the faces, and so on untill the vertices. For example, in 3D, K is
composed of tetrahedra (3-simplices), triangles (2-simplices), edges (1-simplices)
and vertices (0-simplices). In 2D meshes, the top-dimensional simplices are
triangles. As an example, Figure 1 presents a simplicial discretization of a curved
surface in R3. Some regularity conditions are also generally usefull [22,37,39].
To each element of K is assigned an orientation, which can simply be defined
from an ordering of its nodes. Each simplex has two possible orientations. Two
adjacent top-dimensional simplices are required to have the same orientation.
By contrast, the orientation of each lower dimensional simplex is arbitrary. A
sample 2D oriented complex is presented in Figure 2. For simplicity, and since
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Figure 1: Example of 2D simplicial complex embedded in R3
it is sufficient for our applications, we assume that all the vertices have the same
(positive) orientation.
v1 v2
v3 v4
f1
f2
e1
e3 e2 e4
e5
Figure 2: Example of a consistently oriented mesh. Arrows represent the orien-
tation of edges and faces
We denote Kk the set of oriented k-dimensional simplices of K
Kk = {σ ∈ K, σ oriented, dim σ = k}
and Ωk the vector space spanned by formal linear combination of elements of
Kk
Ωk = spanKk =
{
c =
∑
σi∈Kk
ciσi, ci ∈ R
}
.
An element c of Ωk is called a k−chain. In theory, the components ci may take
any real value but, in practice, only values in {0, 1,−1} have physical meaning.
A value 0 means that the element σi does not belong to the chain, 1 means that
it is present in c, and −1 when it is present but with the opposite orientation.
As an example, the chain
e1 + e4 + e5 − e3 ∈ Ω1 (2)
in Figure 2 constitutes a closed loop.
2.2 Boundary operator
The boundary of a k-dimensional simplex is the sum of its oriented (k − 1)-
dimensional faces. In this sum, each face is given a sign, depending on wether
its orientation is consistent with that of the considered k-simplex. For example,
the boundary of the face f1 in Figure 2 is
∂f1 = e1 + e2 − e3.
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The boundary of e1 is
∂e1 = v2 − v1.
The boundary operator ∂ extends into a linear map from Ωk to Ωk−1 by defining
the boundary of a chain
∑
i∈I ciσi, for some set I of indices, as follows:
∂
[∑
i∈I
ciσi
]
=
∑
i∈I
ci∂σi. (3)
The operator ∂ can be represented by a (sparse) matrix. For instance, the
non-zero boundary operators on the mesh in Figure 2 are
∂|Ω2 =

1 0
1 −1
−1 0
0 1
0 1
 , ∂|Ω1 =

−1 0 −1 0 0
1 −1 0 −1 0
0 1 1 0 1
0 0 0 1 −1
 . (4)
In equation (4), ∂|Ωk is the restriction of ∂ to Ωk, which acts on k-simplices.
2.3 Discrete differential forms and exterior derivative
A discrete k-form, or a k−cochain, is an element of the algebraic dual Ωk(K)
of Ωk. Since the elements of Kk form a basis of Ωk, a discrete k-form is simply
a map which, to each element of Kk, assings a real number:
ω ∈ Ωk(K) : Kk −→ R
σ 7−→ 〈ω, σ〉. (5)
Computationally, a k-cochain is represented by an array (〈ω, σi〉)σi∈Kk .
In DEC, a differential k-form ω ∈ Ωk(M) on M is discretized into a k-cochain
ωK ∈ Ωk(K) by taking the pairing 〈·, ·〉 as an integration
〈ωK , c〉 =
∫
c
ω, for all c ∈ Ωk
if k ≥ 1, and as a simple evaluation
〈ωK , c〉 = ω(c)
if c ∈ Ω0 is a point. In the sequel, the cochain ωK will also be denoted ω when
there is no confusion.
The discrete exterior derivative operator d is defined as the dual of the
boundary operator ∂:
〈dω, c〉 = 〈ω, ∂c〉, for all ω ∈ Ωk, c ∈ Kk+1. (6)
It is a linear map from Ωk to Ωk+1. It can be remarked that relation (6) would
simply be the expression of Stokes’ theorem if the pairing 〈·, ·〉 was an integration
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and ω a differential form. Computationally, the matrix d|Ωk(K) of the restriction
of d on the space of k-cochains is the transpose of the matrix of ∂|Ωk+1 :
d|Ωk(K) = ∂T|Ωk+1 .
Since ∂2 = 0 (the boundary of a boundary is the empty set), it follows by
the duality relation (6) that
d2 = 0. (7)
The following sequence is then, as in the continuous case, exact:
0 d−−→ Ω0(K) d−−→ Ω1(K) d−−→ · · · d−−→ Ωn−1(K) d−−→ Ωn(K) d−−→ 0. (8)
2.4 The diagonal Hodge
Having applications in fluid mechanics domain in mind, we assume that M is
a flat domain in Rn, n = 2 or 3, from now on, to simplify. It inherits the usual
Euclidean metric and the induced right-hand oriented volume form of Rn.
To express material laws in exterior calculus framework, the Hodge star op-
erator ? is necessary. It realizes an isomorphism between Ωk(M) and Ωn−k(M).
Rather than giving its definition (which can be found for example in [40]), we
simply recall that, if n = 2,
?1 = dx ∧ dy,
? dx = dy, ?dy = −dx,
?( dx ∧ dy) = 1.
(9)
In fact, these relations completely characterize the operator ?. For n = 3, we
have
?1 = dx ∧ dy ∧ dz,
? dx = dy ∧ dz, ?dy = dz ∧ dx, ?dz = dx ∧ dy,
?( dy ∧ dz) = dx, ?( dz ∧ dx) = dy, ?( dx ∧ dy) = dz,
?( dx ∧ dy ∧ dz) = 1.
It can be checked that
? ? = −Id (10)
in 2D and
?? = Id
in 3D, where Id is the identity map. Note also that the Hodge star verifies the
relation
ω(u1, . . . , uk) = ?ω(uk+1, . . . , un) (11)
for any positively oriented orthonormal basis (u1, . . . , un) of the tangent space
and any differential k-form ω ∈ Ωk(M).
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The discrete Hodge star operator should realize an isomorphism between
Ωk(K) and Ωn−k(K). This is not possible on the same gridK because, generally,
dim Ωk(K) = cardKk 6= dim Ωn−k(K) = cardKn−k.
For example, with the mesh on Figure 2, n equals 2 and if k = 0,
dim Ωk(K) = 4, dim Ωn−k(K) = 2.
In order to define a discrete Hodge star operator, a dual mesh ?K is needed.
This dual mesh must be constituted by cells such that there is a one-to-one cor-
respondance between k-simplices of K and (n−k)-dimensional cells of ?K. One
possible dual mesh is the circumcentric dual. In a 2D mesh such as in Figure 3,
the circumcentric dual is such that the dual of a triangle is its circumcenter; the
dual of a primal edge is the edge connecting the circumcenters of two triangles
which share this primal edge; and the dual of a vertex is the 2-cell formed by
connecting the circumcenters of the primal triangles which share this vertex.
Figure 4 presents an example of a mesh on a square and its circumcenter-based
dual. Note that the choice of circumcenters as duals of triangles implies the
orthogonality between edges and their duals.
f
f* e
f1
f*
f*
f2
e*
v
v*
f1
f2f*
f*
2
1
1
2
Figure 3: Primal simplices (in blue) of a triangle f (left), an edge e (middle)
and a vertex v (right) and their duals f∗, e∗, v∗ (in red) in a 2D mesh
Figure 4: Sample 2D mesh (in blue) on a square and its circumcentric dual (in
red)
The boundary and discrete exterior derivative can be transposed to the dual
mesh. The orientation on the primal mesh K also induces an orientation on ?K
(see [37])1. The space of k-cochains on the dual mesh is denoted Ωk(?K).
1To borrow the language of Bossavit [41], the (inner-)orientation of each primal simplex,
as defined in section 2.1, constitutes the outer-orientation of its dual cell.
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A discrete Hodge operator, realizing an isomorphism between Ωk(K) and
Ωn−k(?K), can now defined as:
? : Ωk(K) −→ Ωn−k(?K)
with
〈?ω, c∗〉
|c∗| =
〈ω, c〉
|c| , for any c ∈ Kk, (12)
where c∗ ∈ K∗n−k designates the dual of the k−simplex c. In equation (12),
|c| is a measure of c, which is set to 1 if c is a point and to its Euclidean
measure otherwise. Relation (12) can be understood as follows: the discrete
forms ω and ?ω, normalized by the measure of the simplex/cell on which they
are applied, represent the same density, but act in complementary-dimensional
facets. Relation (12) can also be understood as a discretization of equality (11),
c and c∗ forming complementary geometric objects.
Definition (12) is a low-order approximation of the continuous Hodge star,
which turns out to be exact in the particular case where ω is piecewise constant
and c and c∗ are flat. It induces a representation of the discrete Hodge operator
in each dimension as a diagonal matrix, having ratios of cell measures as entries.
For example, in a one-triangle mesh as in Figure 5, where ct and ci are the
circumcenters of the triangle and the edges respectively, the Hodge matrix acting
on primal 1-cochains is
Hdiagonal =

|e∗1|
|e1| 0 0
0 |e
∗
2|
|e2| 0
0 0 |e
∗
3|
|e3|
 . (13)
Due to relation (10), the discrete Hodge matrix acting on dual 1-cochain is the
inverse of matrix (13).
The diagonal structure of Hdiagonal and the induced computational efficiency
makes the diagonal Hodge a popular choice of discrete Hodge operator. How-
ever, to be correctly defined, it requires a well-centered mesh. This means that
each k-dimensional simplex of the mesh, with k ≥ 1, must strictly contain its
circumcenter. In 2D, a well-centered mesh can contain only strictly acute trian-
gles. To figure out the problem induced by the non well-centerdness, consider
a 2D domain meshed with right triangles. The mesh is not well centered. Cir-
cumcenters lie on the boundary of the triangles and some dual edges degenerate
into points (see Figure 7, left, as an example), making matrix (13) singular. If
the mesh contain obtuse triangles then some circumcenters are located outside
the triangles. In this case, an extension, introducing a sign convention to the
elementary volumes of the dual cells, has been proposed in [29] to widen the
range of applicability of the diagonal Hodge, but bringing no solution for the
right-triangularized mesh for example (apart from altering the mesh). More-
over, the diagonal Hodge does not allow any choice than the circumcenters as
9
e1
e2
e3
e1
e2 e3
*
*
*
v3
v2
v1
c3c2
ct
c1
Figure 5: Primal simplices and their circumcentric dual cells in a 2D mesh
composed of a single triangle. ci is the circumcenter of the primal edge ei, for
i = 1, 2, 3, and ct is the circumcenter of the triangle. e∗i is perpendicular to ei.
duals of top-simplices. Indeed it has been shown that if ct and the ci are not the
circumcenters, the diagonal formula (13) does not lead to a convergent Hodge
operator [36].
In the next section, we propose an alternative discrete Hodge operator.
3 Analytically constructed discrete Hodge
In the sequel, we restrict to the case of a bidimensional mesh in R2. We will
fix a Cartesian orthonormal frame and denote vx and vy the components of a
vector ~v in this frame. In the next subsection, we present the construction of
a discrete Hodge on 1-forms. We require that it is exact on locally constant
forms.
3.1 Construction in a one-triangle mesh
To simplify, consider an oriented bidimensional mesh composed of a single tri-
angle T , as in Figure 6. In this figure, the center ci of the edge ei is an arbitrary
point lying on the edge. The center ct of the triangle T is also an arbitrary
point inside T . In the particular case where ci is the middle point of ei and
ct is the barycenter (resp. circumcenter, incenter) of T , the dual mesh is said
barycentric (resp. circumcentric, incentric).
Let us denote ~ei and ~e∗i the vectors representing the oriented edges ei and
e∗i respectively, and
~ui =
~ei
‖~ei‖ and ~u
∗
i =
~e∗i
‖~e∗i ‖
the corresponding unit vectors. These two vectors are related by a rotation:(
u∗ix
u∗iy
)
=
(
cos θi − sin θi
sin θi cos θi
)(
uix
uiy
)
where
θi = ̂(~ui, ~u∗i ) (14)
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c2
e1
e2 e3
e1
e2 e3*
*
*
v3
v2
v1c1
c3
ct
θ2
θ1
Figure 6: Primal simplices and their arbitrary-centered dual cells in a 2D mesh
composed of a single triangle. The ci’s and ct are respectively arbitrary interior
points of the edges ei’s and of the triangle. The triangle is oriented counter-
clockwise. Arrows indicate the orientations of the primal edges and the induced
orientations of dual edges. The angles θi defined in (14) are drawn in red.
is the angle that they form (see Figure 6).
Consider a differential 1-form
ω = adx+ bdy
where a and b are scalar functions of the position. Its image by the continuous
Hodge star is (see equation (9)):
?ω = −bdx+ a dy.
We denote ωi = 〈ω, ei〉 and ω∗i = 〈?ω, e∗i 〉 the values of the corresponding primal
and dual cochains. Assume that ω is constant inside the triangle. Then
ω∗i =
∫
e∗
i
?ω = ?ω(u∗i ) |e∗i | = (−bu∗ix + au∗iy) |e∗i |
=
(
(auix + buiy) sin θi + (−buix + auiy) cos θi
)
|e∗i |
=
(
ω(~ui) sin θi + ω(−J~ui) cos θi
)
|e∗i |,
=
(
ω(~ei)
|ei| sin θi +
ω(−J~ei)
|J~ei| cos θi
)
|e∗i |,
J being the skew-symmetric matrix
J =
(
0 −1
1 0
)
.
Knowing that |J~ei| = |~ei|, we have:
ω∗i =
|e∗i |
|ei|ωi sin θi +
|e∗i |
|ei|ω(−J~ei) cos θi. (15)
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Let’s take i = 1. As soon as the triangle is not degenerate, there exists reals
a21 and a31 such that
−J~e1 = a21 ~e2 + a31 ~e3.
So,
ω∗1 =
|e∗1|
|e1| ω1 sin θ1 +
|e∗1|
|e1| a
2
1ω2 cos θ1 +
|e∗1|
|e1| a
3
1ω3 cos θ1. (16)
Using similar arguments for i = 2 and 3, we get:
ω∗1
ω∗2
ω∗3
 =

|e∗1|
|e1| 0 0
0 |e
∗
2|
|e2| 0
0 0 |e
∗
3|
|e3|


sin θ1 a21 cos θ1 a31 cos θ1
a12 cos θ2 sin θ2 a32 cos θ2
a13 cos θ3 a23 cos θ3 sin θ3


ω1
ω2
ω3
 .
This relation makes the discrete Hodge star operator appear as a product of two
matrices. The first one contains ratios of dual and primal volumes. In case of
circumcentric dual mesh, the second matrix reduces to the identity matrix and
we retrieve the usual diagonal Hodge (13).
Of course, one can rewrite the angles θi and the coefficients aji as functions
of the ~ei and ~e∗i . For example,
cos θi =
~ei·~e∗i
|ei| |e∗i |
, sin θi =
~ei×˙~e∗i
|ei| |e∗i |
, θi ∈ [0, pi]
where ~a ·~b is the inner product of ~a and ~b. The dotted cross product is defined
as the third component of the usual cross product of the extension of ~a and ~b
to R3:
~a×˙~b = axby − aybx
which can also be considered as the real-valued 2D cross product. Moreover, it
is straightforward to show that, for i 6= j,
aij =
~ej ·~ek
~ei×˙~ek ,
where k 6= i, j. With these relations, the matrix of the Hodge operator acting
on discrete primal 1-form is
H =

~e1×˙~e∗1
|e1|2
~e1·~e∗1
|e1|2
~e1·~e3
~e2×˙~e3
~e1·~e∗1
|e1|
~e1·~e2
~e3×˙~e2
~e2·~e∗2
|e2|2
~e2·~e3
~e1×˙~e3
~e2×˙~e∗2
|e2|2
~e2·~e∗2
|e2|2
~e2·~e1
~e3×˙~e1
~e3·~e∗3
|e3|2
~e3·~e2
~e1×˙~e2
~e3·~e∗3
|e3|2
~e3·~e1
~e2×˙~e1
~e3×˙~e∗3
|e3|2

.
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v3
v2
v1m
n
e1*
e2* e3=∅*
v3
v2
v1
e1*
e2* e3*
Figure 7: Right triangle with side lengths m and n. Left: with a circumcentric
dual mesh (e∗3 has a zero length). Right: with a barycentric dual mesh.
3.2 Examples and remarks
As illustration, consider the right triangle presented in Figure 7. The circum-
centric dual (left of the figure) is singular because the dual e∗3 of e3 is empty
and its measure vanishes. This leads to a singular matrix H, as in the diagonal
Hodge. With the barycentric dual (Figure 7, right), H reduces to the following
non-singular matrix:
Hbarycenter =

n
3m
m
6n 0
n
6m
m
3n 0
n(m2 − n2)
6m(m2 + n2)
m(m2 − n2)
6n(m2 + n2)
mn
3(m2 + n2)
 .
In an unit right triangle (m = n = 1), with a barycentric and an incentric dual
meshes, H writes:
Hbarycenter =
1
6
2 1 01 2 0
0 0 1
 , Hincenter = 14 + 2√2
 2
√
2 0√
2 2 0
0 0 2
 .
The discrete Hodge operator for 0-forms and for 2-forms are composed of
measure ratios as in the diagonal Hodge.
For a general mesh, composed of multiple triangles, an usual assembling
permits to deduce the global Hodge matrix. This matrix is sparse. It takes
a primal 1-cochain into a dual one. Again due to relation (10), the Hodge
operator acting on dual cochains can simply be represented by the inverse of
the assembled matrix. However, a full inversion of this matrix is in general
expensive. To avoid this cost, an element-wise inversion will be carried out in
numerical tests when needed. Moreover, the element-wise inversion maintains
the sparsity of the matrix, contrarily to a full inversion. This may significantly
reduce the simulation cost for realistic problems. Despite this approximation,
we will see in section 4.1 that the newly defined Hodge provides competitive
numerical results.
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As can be remarked, the new discrete Hodge matrix is not necessarily sym-
metric. Yet, some authors claim that an Hogde matrix should be symmetric,
since
? ω ∧ θ = ?θ ∧ ω (17)
for two arbitrary 1-differential forms ω and θ, ∧ being the wedge product (
[35,42]). Combined to a choice of volume form, this relation represents an inner
product. However, relation (17) does not imply that the discrete Hodge has to
be symmetric. Likewise, a symmetry of the matrix of the Hodge operator does
not help in verifying property (17). It is the combination of the discrete Hodge
matrix with the discrete wedge operator between two discrete 1-forms which
should be symmetric. It may also be advocated that a symmetric Hodge matrix
would be more advantageous because it would result in a symmetric problem
when discretizing a symmetric operator as in (17). This argument is however
not convincing since the discrete wedge product may destroy the symmetry.
By definition, the symmetry of the Hodge operator matrix alone would mean,
in a single-triangle mesh, thatθ1θ2
θ3
 ·
H
ω1ω2
ω3
 =
H
θ1θ2
θ3
 ·
ω1ω2
ω3
 (18)
for any pair ω and θ of primal 1-cochains, where the dot symbol ( · ) desig-
nates the Euclidean scalar product of R3. Not only the scalar product between
cochains has still to be given a sense but also there is no obvious reason to
require condition (18).
In fact, the symmetry requirement may be justified in a finite element ap-
proach as proposed by Hiptmair in [42] but not in DEC. Indeed, in a finite
element framework, it is the mass matrix which is called Hodge operator. Yet,
this mass matrix represents, not the Hodge operator, but inner products such
as (17) integrated over elements. Note also that, as recognized in [35, 43, 44],
the symmetry restriction seems to be too strong in DEC context.
Which center gives more accurate results for non-constant 1-forms depends
on the form. For instance, consider the differential 1-form
ω = (x− y)( dx− dy).
Table 1 lists the error of the discrete Hodge operator H on ω, H being either
the barycentric or the incentric Hodge. The error is defined as the `2-norm of
the dual cochain H(ωK) − (?ω)?K . Two computations are carried out. The
first one is on a mesh made up of the single unit triangle, having a mean edge
length 1.1381. The second computation is on a square meshed with 722 right
and isocele triangles (similar to Figure 8, right) where the mean edge length is
5.6965 · 10−2. Table 1 shows that, with the considered form, the barycenter-
based Hodge is more precise than the inceter-based one on the single-triangle
mesh. The same conclusion can be drawn in the discretized square. However,
in the latter case, the error difference is smaller. For the differential form
ω = (x+ y)( dx+ dy),
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the situation is reversed. Indeed, Table 1 shows that for this form, the incentric
Hodge is about 1.94 times as accurate as the barycentric one, as well on the
single-triangle mesh as in the right-triangularized mesh.
Single triangle Right mesh
Differential form Barycentric Incentric Barycentric Incentric
(x− y)( dx− dy) 0.2946 0.3232 1.5243 · 10−2 1.5715 · 10−2
(x+ y)( dx+ dy) 0.0589 0.0303 6.6882 · 10−4 3.4424 · 10−4
Table 1: `2-norm of the error of the discrete Hodge operators on the unit right
triangle and on a right-triangularized square with 20 points in each direction
This very simple test shows that it is not easy to predict which center will
give the best results, in terms of precision. Moreover, in more concrete problems,
there may be other constraints than the accuracy to account for. The freedom
to choose the center makes it conceivable to carry out an optimization of the
discrete Hodge operator.
Lastly, let us remark that, in the previous development, there is no restriction
on the position of the centers of the simplices, as long as the dual mesh is not
degenerate. For example, the center ct may be outside the triangle, or even
outside the domain in the case of multiple-triangle mesh.
In the following section, numerical experiments on (linear) Poisson equa-
tion and applications to (non-linear) isothermal and anisothermal fluid flow
problems are presented. We will in particular focus on the convergence with
the circumcenter-, the barycentrer- and the incenter-based Hodges on different
types of mesh.
4 Numerical results
We begin with numerical tests on Poisson problem.
4.1 Poisson equation
In this section, we deal with Poisson equation with Dirichlet boundary condi-
tions in a flat bidimensional domain M :{
−∆u = f in M,
u = g on ∂M,
(19)
where f , g and the unknown u are scalar functions. In exterior calculus formu-
lation, this equation writes{
? d ? du = f in M,
u = g on ∂M.
(20)
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In the tests, M is the unit square. Two meshes are considered. The first one is
well-centered (see Figure 8, left) and based on a pattern proposed in [24]. It will
be called “acute mesh”. On this mesh, the usual diagonal Hodge and the new
Hodge operator based on barycentric and on incentric duals will be compared.
The second mesh, called “right mesh” herein, is more natural and is made of
right and isocele triangles (see Figure 8, right). As the diagonal Hodge cannot
be defined on it, the new Hodge operator with barycentric and incentric duals
will be used.
Figure 8: Typical acute and right triangulations of the unit square
The variable u is placed, as cochain, on dual vertices σ∗ ∈ K∗2 . This means
that the unknown is the array (〈u, σ∗〉)σ∗∈K∗2 . A consequence is that du, in
equation (20), is discretized into a dual 1-cochain and the right-most ? operator
in that equation is then represeted by the inverse of the assembled Hodge matrix.
As mentioned, the inversion is done element-wise numerically.
As precision indicator, we consider the relative error
E =
‖u− uexact‖K∗2
‖uexact‖K∗2
(21)
where ‖v‖K∗2 designates a discrete norm of a dual 0-cochain v, defined as follows:
‖v‖2K∗2 :=
∑
σ∗∈K∗2
〈v, σ∗〉2|σ∗|. (22)
An object-oriented Fortran code was designed for the simulations. A direct LU
solver is selected for the resolution. In a first test, the right-hand side functions
f and g are chosen such that the exact solution is the quadratic function
uexact = x2 + y2.
Figure 9 shows the evolution of the relative error E with the mean edge length
∆xmean. As can be seen in Figure 9a, barycentric and incentric dual meshes
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provide better results than the diagonal Hodge, despite the element-wise inver-
sion needed in the discetized Laplace operator. Note that many triangles are
close to right. However, the convergence rates are almost the same with the
three types of dual mesh. The left part of Table 2 reveals an almost quadratic
convergence.
Acute mesh Right mesh
Circumcentric dual 1.995 –
Barycentric dual 1.985 1.923
Incentric dual 1.992 1.921
Table 2: Poisson equation with with uexact = x2 + y2: convergence rate
With the right mesh, the results are less accurate but are still very acceptable
as can be observed in Figure 9b. With the barycentric dual, the relative error is
about 7.55 · 10−5 when ∆xmean ' 2.3 · 10−2 (whereas it was 2.28 · 10−5 with an
acute mesh). The difference between the barycentric and the incentric duals are
more pronounced. However, the convergence rates are similar, as can be stated
in Table 2, right.
In a second test, the exact solution is
uexact = sin(pix) sinh(piy),
such that the right-hand side f vanishes. Figure 10a shows that, with the acute
mesh, the three types of dual present close precisions. The barycentric solution
is a slightly more accurate with the right mesh whereas the incentric solution
has clearly lost precision. They have however almost the same convergence rate,
as can be seen in Table 3.
Acute mesh Right mesh
Circumcentric dual 1.975 –
Barycentric dual 1.979 1.809
Incentric dual 1.982 1.840
Table 3: Poisson equation with uexact = sin(pix) sinh(pix): convergence rate
From these two experiments, it is obvious that when the mesh is well-
centered, one cannot predict if the diagonal Hodge is more precise than other
discrete Hodge operators. It depends on the solution. By contrast, the barycen-
tric dual gave better accuracy than the incentric dual.
In the previous tests, the equation is linear. In the next subsections, tests
on non-linear systems in fluid dynamics domain are presented.
4.2 Incompressible fluid flow
Consider an incompressible Newtonian fluid flow of density ρ and kinematic
viscosity ν in a bidimensional domain. The evolution of the velocity u and the
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Figure 9: Poisson equation with with uexact = x2 + y2: error evolution
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Figure 10: Poisson equation with uexact = sin(pix) sinh(pix): error evolution
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pressure p is governed by the Navier-Stokes equations:
∂u
∂t
+ (u · ∇)u+ 1
ρ
grad p− ν∆u = 0,
div u = 0
(23)
To ensure a divergence-free velocity, a stream function formulation is used.
Moreover, to get rid of the pressure, a curl is applied on the momentum equa-
tion. The resulting equation is rewritten in exterior calculus formulation and
discretized as in [19], (see also equations (26)). The discretized stream function
is placed on primal vertices and, consequently, velocity is discretized into a dual
1-cochain.
4.2.1 Poiseuille flow
We consider a Dirichlet problem in the unit square with a Poiseuille flow as
exact solution. The accuracy on the stream function ψ and on the velocity u is
measured with the relative errors defined similarly as in (21)-(22) but with the
appropriate simplex/cell set in place of K∗2 .
The numerical initial flow is set to zero. The simulation is run until the
flow stabilizes. The convergence of the principal variable ψ with the mean edge
length is presented in Figure 11. It shows a higher precision of the diagonal
Hodge in the acute triangulation in the given range of ∆xmean, but a slightly
higher speed of convergence with the new Hodge with barycentric and incentric
duals. It is confirmed by the convergence rates in Table 4, second column.
For the velocity however, the circumcentric dual has both a higher precision
and a higher convergence speed, as can be observed in Figure 12a and in the
third column of Table 4. Note that a first order interpolation is used for the
reconstruction of the approximate velocity field from the discrete 1-form ? dψ.
Acute mesh Right mesh
Stream function Velocity Stream function Velocity
Circumcentric 2.006 1.421 – –
Barycentric 2.184 1.106 1.989 1.553
Incentric 2.185 1.096 1.989 1.539
Table 4: Poiseuille flow: convergence rates
In the case of the right triangulation, the barycentric and the incentric duals
provide similar precisions, as well for the stream function than for the velocity.
For ψ, the errors are visually indistinguishable in Figure 11b. For the velocity,
the convergence rate is about 1.5, which is higher than the convergence rate of
the circumcentric dual in the acute triangulation case (see Table 4, last column).
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Figure 11: Poiseuille flow: error on ψ
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Figure 12: Poiseuille flow: error on u
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4.2.2 Taylor-Green vortex
We now simulate a steady Taylor-Green vortex corresponding to the vector field
u =
(− cosx sin y
sin x cos y
)
(24)
in the domain [−pi, pi]× [−pi, pi]. The kinematic viscosity and the density are set
to 1. As previously, the numerical initial flow is set to zero and the simulation
is run until the flow stabilizes.
The error on ψ is plotted in Figure 13 against the typical edge length. It
shows that the decrease of the error is the same for the three types of dual mesh,
as well in the acute mesh as in the right mesh. The convergence rate is close to
2.0 in all cases, as reported in Table 5.
Acute mesh Right mesh
Stream function Velocity Stream function Velocity
Circumcentric 1.996 1.187 – –
Barycentric 2.065 1.130 2.018 1.735
Incentric 2.088 1.118 2.067 1.736
Table 5: Taylor-Green vortex: convergence rates
For the velocity, differences can be observed between the acute and the right
meshes. Indeed, it can be seen in Figure 14 that the decrease is faster in the right
mesh. The convergence rate is about 1.74 (for both barycentric and incentric
duals) while it is close to 1.14 in the acute mesh (for the three dual types), as
can be seen in Table 5.
In the next test, we deal with an anisothermal fluid flow.
4.3 Anisothermal fluid flow
In the case of anisothermal fluid flow with thermal expansion coefficient β and
thermal diffisivity κ, and in the limit of the Boussinesq approximation, the evo-
lution of the velocity, pressure and temperature θ is governed by the equations:
∂u
∂t
+ div(u⊗ u) + 1
ρ
grad p− ν∆u+ βgθey = 0,
div u = 0,
∂θ
∂t
+ div(uθ)− κ∆θ = 0
(25)
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Figure 13: Taylor-Green vortex: error on ψ
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Figure 14: Taylor-Green vortex: error on u
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where −gey is the gravity acceleration vector. Let ω = u[. In exterior calculus
framework, equation (25) writes
∂ω
∂t
+ ιu dω +
1
ρ
dp+ ν ? d ? dω + βgθ dy = 0,
? d ? ω = 0,
∂θ
∂t
+ ? d ? (θω)− κ ? d ? dθ = 0.
(26)
In (26), ι is the interior product and p = p+ 12ρu2 is the dynamic pressure.
The exterior derivative operator d is applied to the first equation of (26) to
get rid of the dynamic pressure. A stream-function formulation is used. This
means that the equations are solved in the stream function ψ such that ?ω = dψ
instead of ω, and in the temperature θ. The time discretization scheme is similar
to that in [3], page 55.
Assume that ν 6= κ. We choose the following traveling wave solution as
reference: 
ux = u1eλξ/ν +
κ2βabg
(c+ w)2(κ− ν)θ1e
λξ/κ
uy =
w − aux
b
,
p = −ρβbgκθ1
c+ w e
λξ/κ
θ = θ1eλξ/κ
(27)
where the traveling wave variable is
ξ = ax+ by + ct (28)
and a, b, c, w, u1, λ and θ1 are constants such that b 6= 0, w 6= −c and
λ = (c + w)/(a2 + b2). The space domain is
[− 12 , 12] × [− 12 , 12]. The fluid is
characterized by ρ = 1, ν = 0.2, κ = 0.1 and β = 1. The gravity acceleration
is set to g = 10. The values of the different constants in the reference solution
are set to a = b = 1, c = −1, w = 2, θ1 = e−5 and u1 = 2e−5. The domain is
discretized with a right triangulation (Figure 8, right). The mean edge length
is 1.894 · 10−2. The numerical simulation is carried out until time T such that
|λc|T/κ = 1.
Figure 15 reproduces the relative errors on the stream function along x-
axis. Even if this figure presents some weird plateaux due to lack of resolution
(and some machine round-off), it clearly shows a good precision with both dual
meshes. At worst, the error is 0.025 percent of the norm of the exact stream
function along the axis. The mean error over the whole domain is still smaller.
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Figure 15: Traveling wave. Profile of the relative error on the stream function
along y = 0 and at t = T
Indeed, as listed in Table 6, the overall (root mean square over the whole do-
main) error is only 0.008875 percent of the norm of the exact solution with the
incentric dual and 3.3 times smaller with the barycentric one.
Dual mesh Stream function Velocity Temperature
Barycentric 2.651 · 10−5 7.270 · 10−5 5.529 · 10−3
Incentric 8.875 · 10−5 2.132 · 10−4 5.589 · 10−3
Table 6: Traveling wave. Mean relative error
Since the velocity is computed a posteriori from the stream function, the
same conclusion can be drawn on the error. Indeed, the barycentric dual is
more precise along the x-axis as shown in Figure 16. It is also more precise in
mean in the whole domain, as can be checked in Table 6.
By contrast, for the temperature, the two dual meshes have a similar pre-
cision. The error profiles along x-axis, presented in Figure 17, have the same
trend. The overall errors are almost equal as can be seen in the last column of
Table 6. In mean, the relative error is about 0.56 percent. These results reveals
a good precision of the new discrete Hodge star on a heat transfer problem, with
different choices of dual meshes. Convergence rates will be analyzed in the next
section.
4.4 Non-structured meshes
To ease the lecture of the article, only two types of primal mesh were considered
in the above tests. The first ones were well-centered meshes such that the diago-
27
 0
 5x10-6
 1x10-5
 1.5x10-5
 2x10-5
 2.5x10-5
 3x10-5
 3.5x10-5
-0.4 -0.2  0  0.2  0.4
Er
ro
r o
n 
u
x
barycentric
incentric
Figure 16: Traveling wave. Profile of the relative error on the horizontal velocity
along y = 0 and at t = T
 0
 0.0005
 0.001
 0.0015
 0.002
 0.0025
 0.003
 0.0035
 0.004
-0.4 -0.2  0  0.2  0.4
Er
ro
r o
n 
θ
x
barycentric
incentric
Figure 17: Traveling wave. Profile of the relative error on the temperature along
y = 0 and at t = T
28
nal Hodge can be used. The second type of mesh was composed of right meshes.
These meshes have structured patterns. In this following section, we show that
the constructed Hodge gives also satisfactory results on various non-structured
and non well-centered meshes. To simplify, only results on barycentric duals are
presented.
We set ν = κ and choose the following exact solution:
ux =
βabgθ1
(c+ w)(a2 + b2) (x0 − ξ)e
λξ/κ
uy =
w − au1
b
,
p = −ρβbgκθ1
c+ w e
λξ/κ
θ = θ1eλξ/κ
(29)
where, as before, ξ = ax + by + ct is the traveling wave variable. For the
simulation, the fluid characteristics are ρ = 1, g = 10, ν = κ = 0.1, β = 1.
We choose a = b = 1, c = −1, x0 = 12 and w = 0. The spatial domain is
[0, 1]× [− 12 , 12 ].
A first test is carried out on the five meshes shown in Figure 18. These
meshes are increasingly fine, but are all unstructured, non well-centered and
non-Delaunay. They have approximately 40 percent of non-Delaunay triangles.
Here, a triangle is said non-Delaunay if its circumcircle contains other nodes
than its vertices. They are darkened in the figures. Note that a non-Delaunay
mesh is always non well-centered [27].
Figure 19 shows the relative overall errors on the stream function and on
the temperature with the five meshes. As can be remarked, the error decreases
with the mean edge length. The decrease rates, which are reported in Table 7,
is about 1.3690 for ψ and 1.1430 for θ.
Stream function Temperature
Convergence rate 1.3690 1.1430
Table 7: Unstructured meshes. Convergence rates of the stream function and
the temperature
The relative error profiles on the horizontal velocity, the stream function and
the temperature along the x-axis are plotted on Figure 20. For simplicity, only
the results with the finest mesh, that is mesh (e) of Figure 18, are shown. The
mean edge length in this mesh is ∆xmean = 2.285 · 10−2. Figure 20 shows that
the errors along the axis remains very small compared to the norm of the exact
solutions. The overall errors are recorded in Table 8. As can be stated, the
error on the velocity is about 2.316 percent of the norm of the exact solution,
29
(a) ∆xmean = 0.35620 (b) ∆xmean = 0.18510
(c) ∆xmean = 0.09093 (d) ∆xmean = 0.04593
(e) ∆xmean = 0.02285
Figure 18: Unstructured meshes with respectively 36.36%, 40.69%, 39.41%,
43.46% and 44.20% of non-Delaunay triangles
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temperature
whereas the error on the stream function and on the temperature are less than
0.4 percent.
Stream function Temperature Velocity
Relative error 3.581 · 10−3 3.682 · 10−3 2.316 · 10−2
Table 8: Relative errors on mesh (e) of Table 18
The meshes used for the previous results are unstructured and highly non-
Delaunay. However, they are rather regular in the sense that the triangles have
comparable areas and the edges have comparable lengths. In a last test, an anal-
ysis on non-Delaunay meshes with some very-badly-shaped triangles are carried
out. These meshes are obtained from Delaunay meshes generated by Gmsh [45],
of which some random vertices are moved, in order to obtain a prescribed ratio
of non-Delaunay triangles. Contrarily to the distortion procedure in [29], the
non-Delaunay triangles are not necessarily pairwise.
Three sets of four increasignly fine meshes are used. In each set, the meshes
count respectively 40, 184, 676 and 2658 triangles. The four meshes in the first
set comprise approximately 15 percent of non-Delaunay triangles. They are
presented in Figure 21. In the second set, the ratio of non-Delaunay triangles
is about 25 percent, whereas in the last set, 50 percent of the triangles are
non-Delaunay. The meshes in the second set are plotted in Figure 22 and the
third set can be seen in Figure 23. The mean edge lengths in the three sets
range from 2.546 · 10−1 to 3.066 · 10−2. It can be remarked in Figures 21 to 23
that the triangles have irregular shapes. Many of them have an angle close to
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180 degrees and the area of the triangles varies very significantly. For instance,
the minimum triangle area of mesh (d) in Figure 22 is 1.962 · 10−7 whereas the
maximum is 2.228 · 10−3, that is more than 104 times as high.
For all of these meshes, the computation runs without any particular com-
plication. The errors decrease with the mean edge length. Figure 24 reports the
evolution of the error on the stream function and on the temperature with the
three sets of meshes. They both show a good convergence. For the first set of
meshes, the convergence is close to second order for ψ and is at a rate of 1.5159
for θ, as listed on Table 9. For the 25% non-Delaunay meshes, the convergence
rates are slightly smaller but remain very interesting. They are 1.6729 for ψ
and 1.2154 for θ. For the set of 50% non-Delaunay meshes, ψ has a similar
convergence rate as in the second set. For the temperature, the result is less
satisfying since the convergence rate is smaller than 1.
Stream function Temperature
15% non-Delaunay meshes 1.9005 1.5159
25% non-Delaunay meshes 1.6729 1.2154
50% non-Delaunay meshes 1.6591 0.8660
Table 9: Convergence rate
The values in Table 9 are plotted in Figure 25 which presents visually the
evolution of the convergence rate with the mesh quality. This figure shows
that the convergence rate decreases less rapidely than the rate of non-Delaunay
triangles.
5 Conclusion
We proposed a new construction of discrete Hodge operator in the context
of DEC. It requires neither a well-centered mesh nor a circumcentric dual as
with the diagonal Hodge. It also does not require a barycentric dual as in
the geometric Hodge. The new Hodge is exact for piecewise constant forms,
whichever interior points are chosen as centers.
As shown by experiments with Poisson’s equation, even in a well-centered
mesh, the popular diagonal Hodge build on an orthogonal dual does not always
give more accurate results than the new discrete Hodge. Anyway, the conver-
gence rates are very close. Next, the new discrete Hodge competes well with the
diagonal Hodge, in terms of convergence rate, in the resolution of the non-linear
Navier-Stokes equations.
The numerical tests in sections 4.3 and 4.4 showed the ability of DEC, and
of the new discrete Hodge in particular, to solve problems involving thermal
transfer.
Tests on various type of meshes were carried out. Structured acute (well-
centered) meshes and right meshes were chosen in sections 4.1 to 4.3. Unstruc-
tured but rather regular meshes, containing about 40 percent of non-Delaunay
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(a) ∆xmean = 0.2546 (b) ∆xmean = 0.1167
(c) ∆xmean = 0.0609 (d) ∆xmean = 0.0312
Figure 21: Set of meshes with 15% of non-Delaunay triangles
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(a) ∆xmean = 0.2556 (b) ∆xmean = 0.1186
(c) ∆xmean = 0.0618 (d) ∆xmean = 0.0307
Figure 22: Set of meshes with 25% of non-Delaunay triangles
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(a) ∆xmean = 0.2682 (b) ∆xmean = 0.1265
(c) ∆xmean = 0.0650 (d) ∆xmean = 0.0328
Figure 23: Set of meshes with 50% of non-Delaunay triangles
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Figure 24: Convergence of the stream function and of the temperature. From
top to bottom: with the first set (Figure 21), the second set (Figure 22) and
the third set (Figure 23) of meshes
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Figure 25: Evolution of the convergence rate with the ratio of non-Delaunay
triangles
triangles were considered in section 4.4. Sets of unstructured meshes with very
irregular triangle shape, and comprising 15%, 25% or 50% of non-Delaunay tri-
angles were also used. In all of these configurations, the new Hodge star operator
converges well.
Experiments in sections 4.1 to 4.3 tend to show that a barycentric dual
provides as precise as, or better results than an incentric dual. However, this
should not be considered as the general case. Indeed, as shown in section 3.2,
the incentric dual may be much more precise than the barycentric one in some
cases. Moreover, in other types of problem, there may be other criteria than
the error to take into consideration.
Barycenter and incenter were chosen as centers of the dual meshes because
of their simplicity. With our general construction, other interior points may
also be considered, without breaking the exactness of the discrete Hodge on
piecewise constant differential forms. The choice of the interior points may be
done algorithmically to minimize some error indicator (for example, the overall
error of the discerete Hodge operator on some class of differential forms). The
development of such optimization process is curently under study by the authors.
Lastly, extension of the new discrete Hodge operator to the three-dimensional
case is under construction.
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